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1. INTRODUCTION
The inequality
a q b 1 f a q f bŽ . Ž .b
f F f x dx F , 1.1Ž . Ž .Hž /2 b y a 2a
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where f : I : R “ R is a convex function defined on the interval I of R,
the set of real numbers, and a, b g I with a - b, is well known as
Hadamard’s inequality.
For some recent results which generalize, improve, and extend this
w xclassic inequality, see 1]16 , where further references are given. Here we
will list only some results we need for our further considerations.
If f : I : R “ R is a function, then we can define
1 a q bbw xH : 0, 1 “ R, H t s f tx q 1 y t dxŽ . Ž .H ž /b y a 2a
and
1 b bw xF : 0, 1 “ R, F t s f tx q 1 y t y dx dy ,Ž . Ž .Ž .H H2
a ab y aŽ .
w xrespectively 4, 5, 8 .
w xFor these mappings and if f is convex on a, b , then we have the
w xfollowing main properties 5, 8 :
Ž . w x1 H and F are convex on 0, 1 .
Ž . w x2 H is monotonically nondecreasing on 0, 1 and F is monotoni-
1 1w x w xcally nonincreasing on 0, and nondecreasing on , 1 .2 2
Ž .3 We have the bounds
a q b
inf H t s H 0 s f ,Ž . Ž . ž /2w xtg 0, 1
1 b
sup H t s H 1 s f x dx ,Ž . Ž . Ž .Hb y a aw xtg 0, 1
1 1 x q yb b
inf F t s F s f dx dy ,Ž . H H2 ž /ž /2 2w xtg 0, 1 a ab y aŽ .
and
1 b
sup F t s F 0 s F 1 s f x dx.Ž . Ž . Ž . Ž .Hb y a aw xtg 0, 1
Ž .4 We have the inequality
F t G max H t , H 1 y t 4Ž . Ž . Ž .
w xfor all t g 0, 1 .
INEQUALITIES OF HADAMARD’S TYPE 491
2. HADAMARD’S TYPE INEQUALITY
We will start with the following theorem containing two inequalities of
Hadamard’s type.
THEOREM 2.1. Let f : I : R “ R be an M-Lipschitzian mapping on I
and a, b g I with a - b. Then we ha¤e the inequalities
a q b 1 Mb
f y f x dx F b y a 2.1Ž . Ž . Ž .Hž /2 b y a 4a
and
f a q f b 1 MŽ . Ž . b
y f x dx F b y a . 2.2Ž . Ž . Ž .H2 b y a 3a
w xProof. Let t g 0, 1 . Then we have, for all a, b g I,
tf a q 1 y t f b y f ta q 1 y t bŽ . Ž . Ž . Ž .Ž .
s t f a y f ta q 1 y t bŽ . Ž .Ž .Ž .
q 1 y t f b y f ta q 1 y t bŽ . Ž . Ž .Ž .Ž .
F t f a y f ta q 1 y t b q 1 y t f b y f ta q 1 y t bŽ . Ž . Ž . Ž . Ž .Ž . Ž .
F tM a y ta q 1 y t b q 1 y t M b y ta q 1 y t bŽ . Ž . Ž .Ž . Ž .
< <s 2 t 1 y t M b y a . 2.3Ž . Ž .
1If we choose t s , we have also2
f a q f b a q b MŽ . Ž .
< <y f F b y a . 2.4Ž .ž /2 2 2
Ž . Ž .If we put ta q 1 y t b instead of a and 1 y t a q tb instead of b in
Ž .2.4 , respectively, then we have
< <f ta q 1 y t b q f 1 y t a q tb a q b M 2 t y 1Ž . Ž .Ž . Ž .
< <y f F b y až /2 2 2
2.5Ž .
w x Ž . w xfor all t g 0, 1 . If we integrate the inequality 2.5 on 0, 1 , we have
1 a q b1 1
f ta q 1 y t b dt q f 1 y t a q tb dt y fŽ . Ž .Ž . Ž .H H ž /2 20 0
< <M b y a 1
F 2 t y 1 dt.H2 0
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Thus, from
1 1
f ta q 1 y t b dt s f 1 y t a q tb dtŽ . Ž .Ž . Ž .H H
0 0
1 b
s f x dxŽ .Hb y a a
and
11
< <2 t y 1 dt s ,H 20
Ž .we obtain the inequality 2.1 .
Ž .Note that, by the inequality 2.3 , we have
tf a q 1 y t f b y f ta q 1 y t b F 2 t 1 y t M b y aŽ . Ž . Ž . Ž . Ž . Ž .Ž .
w x w xfor all t g 0, 1 and a, b g I with a - b. Integrating on 0, 1 , we have
1 1 1
f a t dt q f b 1 y t dt y f ta q 1 y t b dtŽ . Ž . Ž . Ž .Ž .H H H
0 0 0
1
F 2 M b y a t 1 y t dt.Ž . Ž .H
0
Hence, from
1 11 1 1
t dt s 1 y t dt s , t 1 y t dt s ,Ž . Ž .H H H2 60 0 0
we have
f a q f b 1 MŽ . Ž . b
y f x dx F b y aŽ . Ž .H2 b y a 3a
Ž .and so we have the inequality 2.2 . This completes the proof.
The following corollary is important in applications:
COROLLARY 2.2. Let f : I : R “ R be a differentiable con¤ex mapping
< Ž . <on I, a, b g I with a - b and M [ sup f 9 t - ‘. Then we ha¤e thet gw a, b x
following complements of Hadamard’s inequalities:
1 a q b Mb
0 F f x dx y f F b y a 2.6Ž . Ž . Ž .H ž /b y a 2 4a
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and
f a q f b 1 MŽ . Ž . b
0 F y f x dx F b y a . 2.7Ž . Ž . Ž .H2 b y a 3a
Proof. The proof is obvious by Lagrange’s theorem; i.e., we recall that
Ž .for any x, y g a, b there exists a c between them so that
< < < <f x y f y s x y y f 9 c F M x y y ,Ž . Ž . Ž .
and Theorem 2.1. We shall omit the details.
The following corollaries for elementary inequalities hold:
Ž .COROLLARY 2.3. 1 Let p G 1 and a, b g R with 0 F a - b. Then we
ha¤e the inequalities
ppq1 pq1 py1b y a a q b pb
0 F y F b y aŽ .ž /p q 1 b y a 2 4Ž . Ž .
and
a p q b p b pq1 y a pq1 pb py1
0 F y F b y a .Ž .
2 p q 1 b y a 3Ž . Ž .
Ž .2 Let a, b g R with 0 - a - b. Then we ha¤e the inequalities
ln b y ln a 2 1
0 F y F b y aŽ .2b y a a q b 4a
and
a q b ln b y ln a 1
0 F y F b y a .Ž .22 ab b y a 3a
Ž .3 Let a, b g R with a - b. Then we ha¤e the inequalities
exp b y exp a a q b exp bŽ . Ž . Ž .
0 F y exp F b y aŽ .ž /b y a 2 4
and
exp a q exp b exp b y exp a exp bŽ . Ž . Ž . Ž . Ž .
0 F y F b y a .Ž .
2 b y a 3
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Ž .4 Let a, b g R with 0 - a - b. Then we ha¤e the inequalities
Ž .1r byaaa a q b 1
1 F e F exp b y aŽ .b ž /ž / 2 4ab
and
Ž .1r byabb
až / 1a
1 F F exp b y a .Ž .ž /' 3ae ab
Ž .Proof. 1 The proof follows by Corollary 2.2 applied for the convex
Ž . p w xmapping f x s x on a, b .
Ž .2 The proof follows by Corollary 2.2 applied for the convex map-
1Ž . w xping f x s on a, b .x
Ž .3 The proof is obvious by Corollary 2.2 applied for the convex
Ž . Ž .mapping f x s exp x on R.
Ž .4 The proof follows by Corollary 2.2 applied for the convex map-
Ž . w xping f x s yln x on a, b . This completes the proof.
Now we shall point out some other inequalities of the types in Corollary
w x2.3, but these hold for the mappings which are not convex on a, b .
Ž .COROLLARY 2.4. 1 Let a, b g R with a - b and k g N. Then we
ha¤e the inequalities
2 kq1 2 kq2 2 kq2 2 k 2 k 4a q b b y a 2k q 1 max a , bŽ .
y F b y aŽ .ž /2 2k q 2 b y a 4Ž . Ž .
and
2 kq1 2 kq1 2 kq2 2 kq2 2 k 2 k 4a q b b y a 2k q 1 max a , bŽ .
y F b y a .Ž .
2 2k q 2 b y a 3Ž . Ž .
Ž .2 Let a, b g R with a - b. Then we ha¤e the inequalities
a q b sin b y sin a b y a
cos y Fž /2 b y a 4
INEQUALITIES OF HADAMARD’S TYPE 495
and
cos a q cos b sin b y sin a b y a
y F .
2 b y a 3
Ž .Proof. 1 The proof follows by Theorem 2.1 applied for the mapping
Ž . 2 kq1 w xf x s x on a, b .
Ž .2 The proof is obvious by Theorem 2.1 applied for the mapping
Ž . w xf x s cos x on a, b . This completes the proof.
3. THE MAPPING H
For an M-Lipschitzian function f : I : R “ R, we can define a mapping
w xH: 0, 1 “ R by
1 a q bb
H t s f tx q 1 y t dxŽ . Ž .H ž /b y a 2a
w xfor all t g 0, 1 and we shall give some properties of the mapping H:
THEOREM 3.1. Let a mapping f : I : R “ R be M-Lipschitzian on I and
a, b g I with a - b. Then
MŽ . Ž . w x1 The mapping H is b y a -Lipschitzian on 0, 1 .4
Ž .2 We ha¤e the ineqalities
1 M 1 y tŽ .b
H t y f x dx F b y a , 3.1Ž . Ž . Ž . Ž .Hb y a 4a
a q b Mt
f y H t F b y a , 3.2Ž . Ž . Ž .ž /2 4
and
1 a q b t 1 y t MŽ .b
H t y t f x dx y 1 y t f F b y aŽ . Ž . Ž . Ž .H ž /b y a 2 2a
3.3Ž .
w xfor all t g 0, 1 .
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Ž . w xProof. 1 Let t , t g 0, 1 . Then we have1 2
1 a q bb
H t y H t s f t q 1 y t dxŽ . Ž . Ž .H2 1 2 2ž /b y a 2a
a q bb
y f t x q 1 y t dxŽ .H 1 1ž /2a
1 a q bb
F f t x q 1 y tŽ .H 2 2ž /b y a 2a
a q b
yf t x q 1 y t dxŽ .1 1ž /2
M a q bb
F t x q 1 y tŽ .H 2 2b y a 2a
a q b
yt x y 1 y t dxŽ .1 1 2
< <M t y t a q bb2 1s x y dxHb y a 2a
M b y aŽ .
< <s t y t ;2 14
w xi.e., for all t , t g 0, 1 ,1 2
M b y aŽ .
< <H t y H t F t y t , 3.4Ž . Ž . Ž .2 1 2 14
M b y aŽ . w xwhich yields that the mapping H is -Lipschitzian on 0, 1 .
4
Ž . Ž . Ž . Ž .2 The inequalities 3.1 and 3.2 follow from 3.4 by choosing
t s 0, t s t and t s 1, t s t, respectively.1 2 1 2
Ž . Ž . Ž . Ž .Inequality 3.3 follows by adding t times 3.1 and 1 y t times 3.2 .
This completes the proof.
Ž .Another result which is connected in a sense with the inequality 2.2 is
also given in the following:
THEOREM 3.2. With the abo¤e assumptions, we ha¤e the inequality
a q b a q b
f tb q 1 y t q f ta q 1 y tŽ . Ž .ž / ž / Mt2 2
y H t F b y aŽ . Ž .
2 3
3.5Ž .
w xfor all t g 0, 1 .
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a q b a q bŽ . Ž .Proof. If we denote u s tb q 1 y t and ¤ s ta q 1 y t ,
2 2
then we have
u1
H t s f z dz.Ž . Ž .Hu y ¤ ¤
Ž .Now, using the inequality 2.2 applied for u and ¤ , we have
uf u q f ¤ 1 MŽ . Ž .
y f z dz F u y ¤ ,Ž . Ž .H2 u y ¤ 3¤
Ž .from which we have the inequality 3.5 . This completes the proof.
Theorems 3.1 and 3.2 imply the following theorem which is important in
applications for convex functions:
THEOREM 3.3. Let f : I : R “ R be a differentiable con¤ex mapping on
< Ž . <I, a, b g I with a - b and M s sup f 9 x - ‘. Then we ha¤e thex gw a, b x
inequalities
1 M 1 y tŽ .b
0 F f x dx y H t F b y a , 3.6Ž . Ž . Ž . Ž .Hb y a 4a
a q b Mt
0 F H t y f F b y a , 3.7Ž . Ž . Ž .ž /2 4
a q b a q b
f tb q 1 y t q f ta q 1 y tŽ . Ž .ž / ž /2 2
0 F y H tŽ .
2
Mt
F b y a 3.8Ž . Ž .
3
w xfor all t g 0, 1 .
4. THE MAPPING F
For an M-Lipschitzian function f : I : R “ R we can define a mapping
w xF: 0, 1 “ R by
1 b b
F t s f tx q 1 y t y dx dyŽ . Ž .Ž .H H2b y a dŽ . a a
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and give some properties of the mapping F as follows:
THEOREM 4.1. Let a mapping f : I : R “ R be M-Lipschitzian on I and
a, b g I with a - b. Then
Ž . Ž . Ž .1 The mapping F is symmetrical; i.e., F t s F 1 y t for all t g
w x0, 1 .
M b y aŽ .Ž . w x2 The mapping F is -Lipschitzian on 0, 1 .
3
Ž .3 We ha¤e the inequalities
< <1 x q y M 2 t y 1b b
F t y f dx dy F b y a , 4.1Ž . Ž . Ž .H H2 ž /2 6a ab y aŽ .
1 MTb
F t y f x dx F b y a , 4.2Ž . Ž . Ž . Ž .Hb y a 3a
and
M 1 y tŽ .
F t y H t F b y a 4.3Ž . Ž . Ž . Ž .
4
w xfor all t g 0, 1 .
Ž .Proof. 1 It is obvious by the definition of the mapping F.
Ž . w x2 Let t , t g 0, 1 . Then we have1 2
F t y F tŽ . Ž .2 1
1 b b
s f t x q 1 y t y y f t x q 1 y t y dx dyŽ . Ž .Ž . Ž .H H 2 2 1 12
a ab y aŽ .
1 b b
F f t x q 1 y t y y f t x q 1 y t y dx dyŽ . Ž .Ž . Ž .H H 2 2 1 12
a ab y aŽ .
< <M t y t b b2 1
< <F x y y dx dy. 4.4Ž .H H2
a ab y aŽ .
Now, note that
3b y aŽ .b b
< <x y y dx dy s . 4.5Ž .H H 3a a
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Ž . Ž .Therefore, from 4.4 and 4.5 , it follows that
< <M t y t2 1
F t y F t F b y a 4.6Ž . Ž . Ž . Ž .2 1 3
M b y aŽ .w x w xfor all t , t g 0, 1 and so the mapping F is -Lipschitzian on 0, 1 .1 2 3
Ž . Ž . Ž . Ž .3 The inequalities 4.1 and 4.2 follow from 4.6 if we choose
1t s , t s t and t s 0, t s t, respectively.1 2 1 22
Ž .Now we prove the inequality 4.3 . Since f is M-Lipschitzian, we can
write
a q b
f tx q 1 y t y y f tx q 1 y tŽ . Ž .Ž . ž /2
a q b
F M tx q 1 y t y y tx y 1 y tŽ . Ž .
2
a q b
s 1 y t M y y 4.7Ž . Ž .
2
w x w x Ž .for all t g 0, 1 and x, y g a, b . Integrating the inequality 4.7 on
w x w xa, b = a, b , we have
1 b b
f tx q 1 y t y dx dyŽ .Ž .H H2
a ab y aŽ .
1 a q bb
y f tx q 1 y t dxŽ .H ž /b y a 2a
1 a q bb
F 1 y t M y y dyŽ . Hb y a 2a
M 1 y t b y aŽ . Ž .
s
4
w x Ž .for all t g 0, 1 and so the inequality 4.3 is proved. This completes the
proof.
Theorem 4.1 implies the following converses of the known results
Ž .holding for convex functions see the results listed in Section 1 .
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COROLLARY 4.2. Let f : I : R “ R be a differentiable con¤ex mapping
< Ž . <and M [ sup f 9 x for a, b g I with a - b. Then we ha¤e thex gw a, b x
inequalities
< <1 x q y M 2 t y 1b b
0 F F t y f dx dy F b y a ,Ž . Ž .H H2 ž /2 6a ab y aŽ .
1 Mtb
0 F f x dx y F t F b y a ,Ž . Ž . Ž .Hb y a 2a
and
M 1 y tŽ .
0 F F t y H t F b y aŽ . Ž . Ž .
4
w xfor all t g 0, 1 .
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